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Abstract

This paper considers the problem of scheduling n jobs on a single machine to minimize total weighted
completion times and the maximum tardiness .A branch and bound algorithm is proposed to find optimal
schedule. Our lower bound based on the late and early jobs. Computational experience on problems with
up o 60 jobs for a special case and 30 jobs for a general case, where the previous works solve the
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Igorithm is superior to other known algorithms .

oblem up to 50 and 40 jobs for special and general case respectively . This indicates that the proposed
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1. Introduction

Several objectives can be optimized in
a job-problem. The most classical is
minimizing the makespan; that is,
minimizing the completion time of the job
that finishes last. This problem has been
studied for many years and several custom
approaches have been developed [1].

In reality it's difficult to see problem to
be solved by just one criterion. Most of
the research in this area involves a single
criterion ; however ,in reality operational
effectiveness has many  attributes
including customer satisfaction, one time
delivery ,work-in processing inventory,
etc.

In order for scheduling to be in touch
with reality, multi criteria problems must
be studied .The simplest multi objective
problems focus only on two criteria [2].

The problem of scheduling jobs on a
single machine to minimize total weighted
completion times and the maximum
tardiness may be stated as follows:

Each job of the set N = {1, 2... n} is to
be processed without interruption on a
single machine which can handle only one

job at a time. Job i(i €N )becomes
available for processing at time zero,
requires a positive integer processing time
pi and has a positive (real) weighted w;.

2.Existing work

The single machine problem with this
function has been studied extensively [1],
and several custom approaches exist that
use either branch and bound or dynamic
programming [3].

Branch and bound method are
enumeration techniques, which provide an
approach to combinatorial optimization
that applies to large class of problems.
This method applied to minimize total
weight completion time with dead lines
[4], and to minimize total weighted
completion time with release dates [5].
Also applied for many problems in
scheduling [6].

3. Upper bound of the algorithm
We are driven to use heuristic methods,

because many scheduling problem are

NP-hard [7], so there are unlikely to be
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time algorithm for

polynomial
optimal solution.
The algorithm proposed in [8] is

heuristic method for problem (Zci
+Tmax), since it doesn’t guarantee

ieN

optimality.
If w, #1, we treat with the general case

which is (ZWiCI‘ + Tiax) problem.

1eN

The algorithm: (w; = 1)

Step1:Find a schedule for Zwic-; S.t. Thax
is minimum[9].

ieN
Step2:TFor this schedule ,fix the first job in
position 1 and let k=0.
Step3:Find a job from the remaining
schedule with minimum pj /Wi ; k=k+l1.
Stepd:If k = (n/2) forneven or, k= (
n+1)/2 forn odd, goto step(6).
StepS:Goto step(3).

Step6:Compute Zwici + Thax for the last
schedule which is upper bound.
ieN

Numerical example

il12 3
pi|5 7 3
dij2 5 10
willd 12 8

First we order the jobs in non-
decreasing order of d; (EDD) and T-
max(EDD) = 7.

3
Step 1:R = D, P;=15 N= {1, 2, 3}, k=3
=1

to find a job j* > pj* > pjand R — dj* <
T(EDD). Job 3 satisfies the condition ,
assign it in position 3.

fined
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Now, R= R —p; = 15-3 =12, job 2
satisfies the condition, assign it in position
2, and the last job in position 1 . So (

1,2,3) is our schedule with Y wic; = 314
st T =7.

ieN

Step 2: Fix job 1 in position 1 , k=0
Step 3: Job 3 satisfies the condition , k=
1.

Step 4: Since k= (n+1) /2, choose job 2
Step 5: We find a job 2 with minimum p;
vy k=2,

Step 6: The sequence (1,3,2) is our upper

bound with ZW:Ci + Thax =304
ieN

4. Derivation of the lower bound

The procedure which is used in this
section to compute lower bound is based
on partition the job into two parts , late
Jjobs(c; > dj)and early jobs (¢i < dj). Very
few studies deal with the problem of
minimizing total earliness and tardiness
penalties of multi-stage  scheduling
problem [10] and some studies describe
methods  of minimizing maximum
earliness or tardiness for a flowshop.

We use this idea for one-machine
problem to find a lower bound and
describe the main components of the
proposed enumerative algorithm based on
a partition of the job N into two sets E
and T with N =EUT, where E is the
set of early jobs E = {i € N/ ¢; < d;}and
T is the set of tardy jobs T= {i e N/ ¢; >
di}.

Let o be the SPT sequence and o
denotes the position of job i in the
ordering o .For this sequence we face
three cases:

(i) If the first job is late oy .Order the
jobsino where o y={0c@) 003, 0
m} in EDD- rule
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O .Sequence

1] 2 n

Late EDD-Rule

then compute T from the sequence .
(ii) If the last job is late © () , means o
={0o@,0@,. . 0@mnisearlyand Tpau-=
Thax © (n).

O _Sequence

S C—F n

Tma_\'zo Late
(ii1) If the first late job lies between o ()
and o () ,say O () -Before o (i the
jobs is early , order the jobs after o
& in EDD-rule .

G -Sequence

Late T
max

So, in three cases we have a lower bound

Zcz (SPT) + e . where Tiax 1S
one of the three cases .

G -Sequence
I
? G (k) .- O ()
Late
Trax

Numerical example

ai753
i 910 8

rder the jobs in SPT-rule and find ¢;
Z 357
J( 8109
3815

;3 Job 1islate, since Ty=c¢(-d; >0
and Tmax =6 . SO 2. (SPT) + Trax=
26+6 =32 is lower bound .

i=1

5. Computational experience
The branch and bound algorithms were
tested on 2wici + Tmax problem with

10,20,30,40

A 2 (VAT Vo0 plSi piplS pilatlen 5500 B35

and 50  jobs as

ieN
well as on the 2¢; + Tmax problem with
10,20,30,40,50,60 jobs. The algorithms
run on CPU-PENTIUM 400

ieN
MHZ , RAM 512 MB computer , using
FORTRAN 90 compiler . Data were
generated at random as follows :

For job i(i 1,2,...,n) an integer
processing time p; generated form the
uniform distribution [1,100] , an integer
due-date d; is generated form the uniform
distribution [0, p;] and an integer weight
w; from the uniform distribution [1,10]} .

For every value of n, twenty problems
of the two problems are generated
.Table(1) shows the computation results of
the 2.¢; + Tmax problem and Table (2)
shows the results of the 2wici + T

problem . N
ieN

6. Conclusion and further works

We have developed a branch and
bound algorithm, which is clearly superior
to previous algorithms because it solves
the problem until 60 jobs. Also provides a
satisfactory method for solving small and
medium sized problems.

Qur results indicate that the two
problems are slightly easier, and a valid
lower bound is proposed to solve this
multiple objective, since the problems
were solved up to 60 jobs.

At a final conclusion, it should be
stated that the multiple objective problems
are difficult for a Jarge n  and some
difficult cases of our problem have been
arised .

We give the following topics for
further investigations -Use this lower
bound to another objective function.-
Solve this problem with setup times.
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NS;: Number of solved problems that
require over 1000 nodes .

Table (1): Results for the special case

N [aN NS | NS | Ng E NU: Number of unsolved problems when
the limited of 50000 nodes is reached for
16 0.7 16 4 0 0 prOblCm (1) and 75000 for problem (2) .
20 | 10510 | 10 7 3 0
30121370 |5 10 14 1 Table (2): Results for the general case
40 148201 2 3 I 4 problem  Xwici +  Tmax e (2)
50 | 62310 |1 71 6 e
60 | 67.107 | 0 0 13 7 N AN NS, NS, | NS; NU
problem  2c¢;  +  Tmax e ) 10 | 80 15 5 0 0
ieN 20 2510 5 7 13 0
N : Number of the jobs . ig ig.zw 5 B 10 :
AN: Average number of nodes in branch = 49':1“1)? g (1) : 1: -
and bound search tree. : '

NS;: Number of solved problems that
require not more than 100 nodes .

NSz: Number of solved problems that
require not more than 1000 nodes .
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