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Abstract
ihis pa-er considers the problenr of scheduling n jobs on a single machine to mitimize total rveighted

con:pleiion times and the niaxirrum tardiness .A branch and bounci algorithm is proposcd t<l find optimal
schcduie. Oul iower Lrcrund based or ihe iate and early jobs. Compuiarional experieflce on prob)ems with
up tcr $Q -iobs ftrr a special case and 50 jobs for a genererl case, whore the previous q'orks solve the
proi;ieln Lrp to 50 and 40 jobs 1br special and genela! r:ase respectivety .This indicates rhat lhe proposed
alcorithm is superior to other knorvn algoriihrns .
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1. trntroduetion
Several objectives can be optimized in

a job-probiem. The mosr classicai is
rninirnizing the makespan; that is,
minimizing rhe completion time of the job
that finishes last. This problein has been
studied for manl' r'ears and several custom
approaches have been deveioped [1] .

In realiq.' it's dilficLrlt to see problem to
be soived bry' just one criterion. Most of
the research in this area invoives a single
criterion ; ho*'ever .in rcality operationai
elfectiveness has manv attributes
including customer satistaction, one time
delivery,work-in processing inventory,
etc.

In order for scheduling to be in tcuch
ri'ith reality, multi criteria problems must
be studied .The simplest muiti objcctive
probleins focus only on two criteria [2i,

The problem ot- scheduling jobs on a
singie inachine ro minimize total weighted
compietion times and the maximum
tardiness n:av be stated as folloivs:

Each job of the set N: 'r1,2... n) is to
Lre processed rvithout interruptir:n on a

single machine rvhich can handle only one

job at a time" Job i(i €N )becornes
available for processing at time zero,
requires a positive integer processing time
pland has a positive (real) weighted w,.

2.Existing work
The single machine problem with this

lunction has been studied extensiveiy [1],
and severai custom approaches exist that
use either branch and bound or dynamic
programming [3].

Branch and bound method are

enumeration techniques, which provide an
approach to comhinatorial optimization
that applies to large class of problems.
'Ihis method applicd to minimize total
weight completion time with dead lines

[4.|, and to minirnize total weighted
completion tiine rvith release dates [51.
Also applied lor mal1y problerns in
scheduling [61.

3" Upper bound of the algorithm
We are driven to use heuristic methods,

because many scheduling problcm are
NP-hard [7], so there are uniikell, to be
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polynomial time algorithm for fined
optimal solution.

The algorithm proposed in

heuristic method for problem
fT*r*), since it doesn't guarantee

Now, R: R -P, : 15-3 :12 , job 2
satisfies the condition, assign it in position
2, and the last job in position 1 . So (

1,2,3) is our schedule with I*,r, :314
s.t. T,rr*:7.

ieN

Step 2: Fix job 1 in position 1 , k:0
Step 3: Job 3 satisfies the condition , k:
1.
Step 4: Since k* ( n+l) / 2, choose job 2
Step 5: We find a job 2 with minimum p;

lwl ;k:2,
Step 6: The sequence (1,3,2) is our upper

\_,
bound with fw;c;+ Tr., :304

ieN

4. Derivation of the lorryer bound
The procedure which is used in this

section to compute lorver bound is based
on partition the job into trvo parts , iate
jobs(ci > d1)and early jobs (c1 < di). Very
few studies deal with the problem of
minimizing total earliness and tardiness
penalties of multi-stage scheduling
problem [10] and some studies describe
methods of minirnizing maximum
earliness or tardiness for a flowshop.

We use this idea for one-machine
problem to find a lower bound and
describe the main components of the
proposed enumerative algorithm based on
a partition of the job N into tr.vo sets E
and T with N:EuT,where Eisthe
set ofearlyjobs E: {i e N I c; < d1}and

T is the set of tardy jobs T: {i e N I ci >
di).

Let o' be the SPT sequence and o (i)
denotes the position of job i in the
ordering o .For this sequence we face
three cases:

(i) If the first job is late o1i;.Orderthe

.iobs in o where oril: { o'12;, o(3),, o
lnyi in EDD- rule

l8l is

(I.,

ieN

optimality.
If w, *1, we treat with the general case

which is (Iwiq * T,,o,) problem.

ieN

The algorithm: (wi* I)

Stept:Find a schedule for l*,., s.t. T,,o*
is minimum[91. 

ieN

Step2:For this schedule ,fix the first job in
position I and let k:0.
Step3:Find a job from the remaining
schedule with minimum p, /*i ; k: k+t.
Step4:lf k:(nl2) forneven or,k:(
n+l)/2 for n odd, goto srep(6).
Step5:Goto step(3),

Step6:Compute f*,"i * T,,,0,, for the last
schedule which is upper bound.

ieN

l\umerical exarnple

rlr z 3
--rE+
nils z :r

uil: s ro

wilto tz s

First lve order the jobs in non-
decreasing order of di (EDD) and T-
*,*(EDD): 7.

3

Step t: R: I p1: 15, N: {l ,2,3}.k=3
.i:r
to find ajob j* ) pj* > pj and R-d;+ g
T(EDD). Job 3 satisfies the condition ,

assign it in position 3 
"
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then compute Tn,* from the sequence .

(ii) If the last job is late o iny , Illo&ns o. 1i;

= { o (r), o (z), , o 1n-i1}is early and T,nu*=

T*n* 6" inl
G -snn,,"n"o

I ..... I n

Tt.,:0 Late

(iii) If the first late job lies befir,een o q1

and o (n) ,say cr ft) "Before o lrry the
jobs is early , order thejobs after o'

1r; in EDD- rule .

(I -sequence

l-ate
I rror

So, in three cases \\,e have a lorver bound
\-
Zcr rsPt, - T,t*, , whereT*r* is

one ofthe three cases.

6 -e..',"."-

I are I
Numerical 

"*"*ptJlr t r

diz s s

J,r,o*
Qrder the iobs in SPT-rule and find c,t"-l*-,
di 3s 7

T8loe
cl38lS

3 Job 1 is late , since T1: c1-d1 > 0

and Tma\ = 6 . So lct (sp'r) * T'*a*:
26+6:32 is lorver bound .

i=1

5. Cornputational experience
The branch and bound algorithms were

tested on lwici * Tru, problem r.vith

10,20,30,40
i<N

well as on the Zci + T*u, problem with
10,20,30,40,50,60 jobs. The algorithms
run on CPU-FENTILIM 400

ieN

MHZ , R,AM 512 I\48 computer , using
FORTRAN 90 compiler Data were
generated at random as follows :

For job i(i 1,2,...,n) an integer
processing time p1 generated form the
uniform distribution [1,100] , an integer
due-date d1 is generated form the unifonn
distributinn [0, pi] and an integer weight
w1 from the unifonn distribution [, 10] .

For every value of n, twenty prCIblems

of the two problems are generated

.Table(l) shows the computation results of
the lci * T,n,,* problern and Table (2)

shows the results of the lwicl + 1**
problem . ieN

ieN

6. Conclusion and further works
We have developed a branch and

bound atrgorithm, which is clearly superior
to previous algorithms because it solves
the probienl until 60 jobs. Also provides a

satisfactory methad for solving small and
medium sized problems.

Our results indicate that the two
problems are slightl,v easier, and a valid
lower bound is proposed to solve this
multiple objective, since the problems
were solved up to 60 jobs.

At a final conclusion, it should be

stated that the multiple objective problems
are difficult for a large n and some
difficult cases of our problem have been
arised

We give the following topics for
further investigations -Use this lower
bound to another objective function.-
Solve this problem with setup times.

jobs50

143



(JZS)lournal of Zmkoy Sulairnani, Dec. 2005, 8(l) Part
A;agt1,t3* f ..a ,8g;a"t!u,t iLdi*t&tijt

N AN NSr NSz NS: Ntr

l{} 't0.7 t6 4 0 0

20 10.510 l0 7 3 0

30 21374 5 IO 4 I

40 48.201 ) 3 lt 4

50 62.310 I 2 1l 6

60 67,1CI7 0 0 13

Table (1): Results forthe special case NSr: Number of solved problems that
require over 1000 nodes .

NU: Nurnber of unsolved problems when
the limited of 50000 nodes is reached for

problem (1) and 75000 for problem (2) .

Table (2): Results for the general case

problem Ewtci + T,,,u* ........(2)
ieN

problem lci + Trnu*
ieN

N : Number of the jobs .

AN: Average number of nodes in branch
and bound search tree.
NSr: Number of solved problems that
require not more than 100 nodes .

NSz: Number of solved problems that
require not more than 1000 nodes .
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N AN NSr NSz NSs NU

10 80 15 5 0 0

20 25.10 5 1 13 0

30 38.210 1 5 10 ,
40 42.309 0 I t4 5

50 49.tll 0 0 't4 6
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